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Calculation of Two-Dimensional Turbulent Boundary Layers
over Rigid and Moving Wavy Surfaces

T. K. Sengupta* and S. G. Lekoudisf
Georgia Institute of Technology, Atlanta, Georgia

A technique is presented for computing turbulent boundary layers over rigid and moving sinusoidal wavy sur-
faces. The technique consists of an iterative coupling between solutions of the boundary layer, and solutions of
an Orr-Sommerfeld-type system. The predicted pressure distributions and total drag agree well with recent
measurements for rigid wavy surfaces. For moving surfaces the calculation is a prediction of steady streaming.
Comparisons are made with measurements of airflow over deep water waves.

I. Introduction

T HE problem of reducing drag due to skin friction remains
of interest due to the significant benefits that would result

from an application of a drag-reducing scheme on airplanes,
ships, or underwater vehicles. One of the techniques proposed
for drag reduction is the use of compliant walls. It has been
proposed that compliant walls may delay transition, or may
modify a turbulent boundary layer with the result of smaller
skin friction values. A summary of recent efforts directed
toward inventing a working system is given in Ref. 1.

In this paper, calculations of turbulent boundary layers over
stationary and moving wavy surfaces are presented. The flow
is assumed to be two-dimensional and incompressible. The
fluid/compliant coating interaction problem is not solved.
The authors are not interested in the material characteristics of
the wall that generate a particular flow. Rather, they look for
a specified wall motion that generates a flow with low skin
friction. With this objective in mind the problem becomes that
of finding a particular wall motion that produces a flow with
low skin friction. In the modeling of the flow an assumption is
made: The coherent events that occur in the turbulent bound-
ary layer are not explicitly modeled. The time-averaged equa-
tions are used. The reasonably good comparison between
calculations and measurements indicates that the time-
averaged equations do not lead to unrealistic results.

Incompressible, two-dimensional, boundary-layer flow over
wavy surfaces has been examined in Refs. 2-13. Both
analytical and experimental work is reported. The analytical
approaches can be categorized into three groups. The first
group involves perturbation techniques.6"8 The second group
deals with boundary layers with curvature.9 The third group
solves the time-averaged Navier-Stokes equations.10"13 Most of
the experiments were done for flows over stationary wavy sur-
faces. The available measurements for the case of moving
walls are scarce, with the exception of Ref. 3.

In this paper a technique is presented for computing tur-
bulent boundary-layer flows over stationary and moving wavy
surfaces. The technique consists of an iterative coupling be-
tween solutions of the boundary-layer equations and those of
an Orr-Sommerfeld system. The Orr-Sommerfeld system com-
putes the disturbance flow generated from the presence of the
wavy boundary. The analytical formulation is given in Sec. II.
The numerical formulation is given in Sec. III. The computa-
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tions for stationary walls are given in Sec, IV, and for moving
walls in Sec. V. Finally, the concluding remarks are given in
Sec. VI.

II. Analytical Formulation
The two-dimensional flow of an incompressible fluid with

constant properties is prescribed in an x, yy z Cartesian system
by the Navier-Stokes equations in conservation form14:

dt

F —

3W dF dG——— —— + ———
dx by

u

u2 +p/p

uv

dfj dG,—— L + —— L
dx dy

V

uv

(la)

db)

du dv

dv

du dv

dv_ du\
dv ~Hx)

(Ic)

in Eqs. (1), u and v denote the velocity components in the x
andy directions, respectively, v is the kinematic viscosity, and
t the time. Using an arbitrary time-dependent transformation
to an orthogonal coordinate system S, N, Eqs. (1) become:
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A coordinate system6 is introduced wherein the wavy surface
is a coordinate line which degenerates into a Cartesian system
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S = Const.

Fig. 1 Coordinate system.

N = Const.

Then, the combination of Eqs. (5) and (6) gives the velocities
in the Cartesian system as follows:

(7a)

(7b)

' + eikSe[u-ke-kN(U+uf

' +eikSe[v-ke-kN(v' -iU-iu')}

A. Mean Flow
The mean flow is obtained by "bending" a boundary-layer

flow to follow the wavy surface. The governing equations are
obtained as follows. The triple decomposition, expressed in
Eqs. (5), is substituted into Eqs. (2). The resulting equation is
time averaged. The boundary-layer assumptions are im-
plemented and the terms due to curvature are neglected. The
resulting equations are as follows:

dU dV
(8a)

far from the wavy surface. The coordinate system moves with
the phase speed, the complex notation is introduced for conve-
nience, and the coordinate system is shown in Fig. 1.

S= (x-ct)-iee-kyeik(x~ct) (3a)

(3b)

where e is the wave amplitude, k the wavenumber, and c the
phase velocity. In this paper the normalizing parameters are
the local displacement thickness and freestream velocity of the
boundary layer. The velocity components in the S, N coor-
dinate system can be obtained using chain rule with the follow-
ing results:

as
^Tdt

as
-^—dx dy (4a)

(4b)

All of the flow quantities are decomposed into a mean,
time-independent part, a fluctuating part due to turbulence,
and a periodic part attributed to the presence of the wavy sur-
face.15 In the equations that follow, C.C. denotes complex
conjugate.

u'(x,N,z,t)+e[ii(N)eikS

p(S,N,z,t)=P(S,N)+p'(S,N,z,t)+e[p(N)eiks + C.t

(5a)

(5b)

(5c)

The following assumptions will be made with the use of Eqs.
(5). The mean flow, assumed locally parallel, is obtained from
the boundary-layer equations. The flow component due to the
presence of the wavy boundary is proportional in magnitude
to the wave amplitude and periodic in space and time. If one
rearranges Eqs. (4), the velocities in the x, y Cartesian system
are obtained as functions of the velocities in the S, TV cur-
vilinear system:
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Some discussion is necessary regarding the approximations
that give Eq. (8b). Obviously the WS terms are of 0(e2) and
are a result of the time-averaged nonlinear products of har-
monic in time terms. Only the first harmonic is retained. The
a/as of other 0 (e2) terms in Eq. (8b) have been neglected, not
because of the boundary-layer/parallel-flow assumption for
the mean flow, but because of their functional independence
on S. Careful observation shows that these terms, like the WS
terms in Eq. (8c), are independent of S due to time averaging.
This is the case in spite of the fact that they may be much
larger than the remaining WS terms. It is their S derivative
that, being identically zero, is not contributing in the Eq. (8b).
The DC terms that contribute in the TV-momentum equation
would affect the mean pressure inside the boundary layer to
0(e2). Therefore, they are neglected because the wave effects
on the pressure are computed to 0(e) and, therefore, are
much larger than the neglected terms. The Reynolds stresses
due to the fluctuating turbulent velocities are modeled using
the Cebeci-Smith eddy-viscosity model.16 However, because
of the presence of the wavy wall, these stresses do not remain
the same. Therefore, from experimental observations, it is as-
sumed that the Reynolds stresses deviate sinusoidally from
their mean values as follows17'18:

u'v' = (u'v')m[l-r(N)eikS] (9)

The evaluation of r(TV) becomes a problem in turbulence
modeling. Several models were tested,8 and one based on lag
coefficients for the pressure in the law of the wall was found to
be superior.8 Navier-Stokes calculations were performed
with13 and without12 the modification of the eddy-viscosity
described in Eq. (9). Both showed good agreement with ex-
periments. In Ref. 13 it is reported that using the model was
necessary in order to obtain good comparison with ex-
periments for the phase of the wall shear stress. In the present
study the same was found. The modeling of r(TV) in the pres-
ent work agrees with the findings of Ref. 8. The boundary
conditions for the mean flow are that F=0 on TV=0 and far
from the wall, U approaches freestream values that are given
functions of S. The value of U at the wall depends on the wall
motion.

B. Disturbance Flow
The disturbance flow is obtained using the following pro-

cedure. The triple decomposition expressed with Eqs. (5) is
substituted into Eqs. (2); the mean flow is assumed to be lo-
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cally parallel; a phase averaging of the equations is performed;
a time averaging of the equations is performed; the latter is
subtracted from the former; finally the effect of the WS on the
resulting equation is neglected (linearization of the distur-
bance flow). The resulting system of equations is a nonhomo-
geneous Orr-Sommerfeld system that can be expressed in the
following form:

dz/ (10)

where z/ = u, z2- dw/dTV, z3 - v, Z4 =p, and the coefficients
Ofj and bt are defined in the Appendix.

The boundary conditions for Eq. (10) are as follows. Far
from the wall the coordinate system approaches a Cartesian
system and the solution of Eq. (10) approaches the analytical
solution of the classical Orr-Sommerfeld system. Therefore, it
is imposed that the exponentially growing modes are sup-
pressed, which provides two boundary conditions. The other
two boundary conditions are provided from conditions at the
wall.

At the wavy surface N= 0, the fluctuating velocity due to
turbulence vanishes and Eqs. (7) can be rewritten as follows:

_ u-U-c

eikS -ikU

(Ha)

(lib)

Therefore, if the wall motion is specified in the original x, y
Cartesian system by specifying the velocity components u and
v, and the mean flow U is determined, Eqs. (11) provide the
two boundary conditions needed to solve the system of Eq.
(10).

III. The Numerical Procedure
The mean flow is obtained from a finite difference solution

of the turbulent boundary-layer equations for two-di-
mensional incompressible flow with arbitrary pressure gra-
dients. The solution procedure uses the Keller box and the
algebraic eddy-viscosity model of Cebeci and Smith.16 The
system of Eq. (10) has the classical numerical difficulties of an
Orr-Sommerfeld system; therefore, an orthonormalization
procedure was used.19

The iterative coupling between the Orr-Sommerfeld system
and the solution of the boundary-layer equations is due to the
existence of the wave-induced stresses, described by Eq. (8c).
No more than three iterations are needed to obtain a con-
verged solution. Convergence was checked by requiring that
the percentage change of the slope of the mean velocity profile
was less than one-thousandth at the final iteration. This is a
much more strict convergence than the one usually used for
the boundary-layer equations; however, it was found to be
necessary because the disturbance flow varies very rapidly
close to the wall.

IV. Results and Discussion
A. Flows Over Rigid Wavy Surfaces

The linear solution for laminar flow was tested by compar-
ing with Benjamin's6 results. However, some comments are
appropriate regarding Benjamin's theory.6 He used a surface-
conforming coordinate system. In the final solution he
neglected the nonhomogeneous (&/) terms that the coordinate
system brings into the differential equations. This makes the
answer equivalent to the one obtained in a Cartesian system
for other than simple linear laminar mean profiles. Because
the Cartesian system places severe restrictions on the wave
amplitude, it is incorrect to blame the linearization procedure
for poor results as the wave amplitude increases. These poor
results are due to the neglect of the nonhomogeneous terms.

0.2

0.1

-.1 o Ref. 2
(Wall I, trip .05")

- Present

Fig. 2 Calculated and measured Cp for Sigal's experiment.2

0.6

0.2 •

o Ref. 2
- Present

Fig. 3 Calculated and measured skin friction for Sigal's
experiment.2

Also, all of the previous investigators that used a perturbation
approach neglected the "viscous" solution at some distance
away from the wall. The case computed by Thorsness et al.8 is
analyzed next. Although this is a calculation for laminar flow,
the wall friction velocity is used to normalize the mean flow
given by H = (26/7r)sin(7ry/2) for 0<y<d and w = 26/7r for
y>d. The streamwise Reynolds number Rx is 800,000 and
jcA = 5.94, where X is the wavelength. Also d is equal to 2.75
Rx°-25. Benjamin's results for the nondimensional pressure
and its phase are 4.67 x 10~4 and 181.86 deg, respectively. The
authors found 4.48 x 104 and 182.05 deg. However, while the
amplitude and phase of the shear perturbation are 0.083076
and 45.2 deg, respectively,6 the authors computed 0.055 and
44.5 deg. When the authors computed in the Cartesian system
they found 0.093 and 45.1 deg for the shear and its phase. The
small difference between this last result and what Benjamin's6

theory gives is due to his neglect of the viscous mode in the
freestream. From the above it is evident that the coordinate
system can have a large effect in the answer, especially for the
shear.

Because the disturbance flow is obtained from a lineariza-
tion procedure, it is useful to check the validity of the
developed formulation as the wave amplitude increases for
turbulent flow. For the cases considered, the linear momen-
tum equations predicted separation for amplitude to
wavelength ratios higher than approximately 0.022. Because
the flow does approach separation at these amplitudes and the
higher harmonics become important, the formulation should
not be applied to waves with these characteristics. Because we
are dealing with turbulent flow the validity of the theoretical
assumptions cannot be rationalized in any other way but by
comparing with measurements. The data of Kendall3 are for
an amplitude to wavelength ratio of 0.031 and the present
theory cannot handle such large amplitude waves.

A comparison with the measurements of Ref. 2 is shown in
Figs. 2 and 3. The agreement is reasonable only for the
pressure. However, these data are for amplitude to wavelength
ratios of 0.028 and the effect of linearization is evident in the
inaccurate prediction of the shear.
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Fig. 4 Calculated and measured pressure coefficient for NASA
Langley's experiment.
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Fig. 5 Calculated and measured drag components.
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Several geometries were examined at NASA Langley.12

Figure 4 shows predicted and measured pressure coefficients.
The measured data were reproduced from Fig. 7 of Ref. 12.
The agreement is good. Figure 5 shows predicted and
measured drag coefficients. The measured data were
reproduced from Fig. 5 of Ref. 12. The level of agreement is
of the same quality as that obtained from Navier-Stokes
solvers.12 This lends credibility to the assumptions used in the
developed formulation. Moreover it makes the predictions for
the case of moving walls, where experiments are scarce, more
credible. The developed procedure does reproduce the ob-
served reduction in the mean skin friction, something impossi-
ble to obtain with a linear theory. Some discussion is war-
ranted on the role of skin friction, based on observations
made during the present study.

It can easily be shown that the contribution of the spatially
oscillating skin friction to drag is zero to 0(e2). However, to
the same of 0(e2), the oscillating pressure creates the pressure
drag. Therefore, for these flows, it is much more important to
predict the mean skin friction and oscillatory pressure ac-
curately. From another point of view, mispredicting the phase
and amplitude of the oscillatory shear does not show in com-
parisons of total drag levels. Examining experiments from this
point of view makes the model of the oscillating Reynolds
stresses less important, unless this modeling affects, even in
small ways, the oscillating pressure.

The authors also investigated turbulent flow over a rigid
wavy wall with pressure gradients. The geometry is identical to
the one used at NASA Langley.12 The pressure gradient was
created by changing the local freestream velocity linearly be-
tween x= 5.75 ft and the end of the plate. The velocity at the
end of the plate was 91.312 ft/s for the case of the favorable
pressure gradient and 72.756 ft/s for the case of the adverse
pressure gradient. No significant effects of the pressure gra-
dient were found, and there are no experiments to substantiate
this conclusion.

.06 270"

180"

0.8 1.00.0 0.2 0.4 ^ 0.6

Fig. 6 Variation of the amplitude and phase of the pressure with
phase speed.

B. Flows Over Moving Wavy Surfaces
The authors also investigated flows over moving surfaces.

For the case of a wave with phase speed c, the mean flow has a
velocity U-c with respect to the moving frame, and the mean
velocity at the wall is equal to — c. From the equation of the
body surface for a cosine wave

the linearized velocity component in the y direction is obtained

v=~ikcyb (13a)

The u component of the velocity depends on the particular
surface motion. For example, for a rigid wave translating with
velocity c, the inviscid perturbation velocity of the flow above
it is given by

u=-kcyb (13b)

Equation (13b) can be obtained from the solution of the
potential flow over a rigid translating cosine wave. If the wavy
surface is due to the motion of a deep water cosine wave, then
the w-velocity component is given by

u = kcyb (13c)

These boundary conditions can be used with Eqs. (11) to give

v = 0 (14a)

u= -2kc
or

(14b)

(14c)

Both boundary conditions (14b) and (14c) were used. The only
difference in the result is the variation of the phase of the
oscillating shear with the wave speed. All of the other quan-
tities showed small quantitative, never qualitative, differences.
This suggests that all of the other surface motions inside the
range of the conditions described by Eqs. (14) most probably
behave the same way. Cases where the surface executed water
wave motion of finite depth were also examined. In this case
the surface particles execute elliptical orbital motions which
become circular for deep water waves. Again, with the excep-
tion of the phase of the shear, no significant quantitative, and
never qualitative, differences were obtained between the ellip-
tical and circular motions. Considering the negligible effect of
the phase of the oscillating shear on the drag, the results
shown next are representative of all of the cases.

The variation of the amplitude and phase of the pressure are
plotted in Fig. 6. Although the amplitude of the oscillating
pressure decreases with phase speed, the variation of the phase
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0.8

Fig. 7 Variation of the amplitude and phase of oscillatory shear with
phase speed.

skin friction drag

0.2 0.4 0.6 -̂-̂ 0.8 1.0

Fig. 8 Variation of the skin friction and pressure drag components
with phase speed.

is drag producing. However, as the phase speeds approach the
freestream speeds, the phase of the pressure produces thrust.
The variation of the amplitude and phase of the oscillating
shear is shown in Fig. 7. These results are for a surface motion
simulating deep water wave and with the viscous boundary
condition [Eq. (14c)]. The results shown in Figs. 6 and 7 are in
qualitative agreement with KendalFs measured data.3

However, because these data are for an amplitude to
wavelength ratio of 0.03, the present formulation indicated
separation and direct quantitative comparison is not possible.

The drag values normalized with those of the equivalent flat
plate are plotted in Fig. 8. The plate geometry and flow condi-
tions are identical with those of Langley's experimental
setup12 and the amplitude to wavelength ratio of the waves
used is 0.02. The skin friction reduction diminishes at the
higher wave speeds but the phase of the pressure indicates
thrust. Because the turbulence model was developed for zero
phase speeds, the high-speed results need experimental
verification. This prompted the authors to examine some new
experiments.17'18

The experiments reported in Refs. 17 and 18 deal with air
turbulent boundary layers over deep water waves. Detailed
measurements of the perturbation components of the velocity
are given. Figures 9-12 show the variation of the amplitude
and phase of the oscillatory velocity components. The agree-
ment between the predictions and measurements is reasonable.
In general, the comparison between calculations and ex-
periments becomes worse at the higher phase speeds. The good
agreement between the calculations and measured data for
phase speeds up to about 0.7 times the freestream speed gives
confidence in the drag predictions for this range of speeds.
This is because the theory predicts not only surface quantities,
but the variation of flow properties inside the turbulent
boundary layer.

Some discussion is appropriate regarding the effect of the
initial conditions on the results. Small changes in the initial
conditions can have significant effects on the results, espe-
cially the shear. In all of the comparisons the initial conditions
for the turbulent boundary layer were matched with the
measured conditions upstream of the waves. Therefore the
flow without the wave-induced disturbances was identical to
the measured flow.

Fig. 9 Variation of the amplitude of the streamwise perturbation velocity component above the wave. Measurements from Refs. 17 and 18.
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Fig. 11 Variation of the amplitude of
normal perturbation velocity compo-
nent above the wave. Measurements
from Refs. 17 and 18.
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V. Concluding Remarks
A numerical technique was developed for computing tur-

bulent boundary layers over rigid or moving wavy surfaces.
The technique was tested by comparison with experiments.
The following remarks are appropriate:

1) The technique predicts the flows over rigid wavy surfaces
correctly, at least for the case of lower amplitude waves, such
as measured in Ref. 12.

2) For accurate estimations of the total drag, the most im-
portant quantities are the amplitude and phase of the pressure

and the mean shear. The reason is that they are the main con-
tributors to drag.

3) For the types of wall motion considered, the technique
predicted no drag reduction, except for the case of wave
speeds approaching the freestream speed. In all other cases the
pressure drag overpowers the mean skin friction reduction
generated by the waves.

4) Reasonable quantitative agreement was obtained with
measurements inside the turbulent boundary layer over water
waves for nondimensional phase speeds of up to 7/10.
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Appendix
The coefficients a^ and bf of the Orr-Sommerfeld system

[Eq. (10)] are

dU6

dN

<*I2 = 4

a21=l

a 22 =

U,

-(2+U6)+-

(Al)

(A2)

(A3)

u,U2 U2
2

-U3U6P2a24^R/U8 (A4)
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2
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a24 = [ik- P2 U4 U6 -P2U3(U7+ U6a44)]R/U8 (A6)
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a32=a}3=a34 = 0
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d
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U6 = £exp( - D)/[l - exp( - D)]
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k2=
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(A25)

(A26)

In the above equations, R is the Reynolds number, kl and kL
the modeling constants,8 UT the wall friction velocity, and A +

the constant in the law of the wall.
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